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ABSTRACT: We have investigated the topological defects in the Tetra-PEG gel formed from two
symmetrical tetra-arm polymers. The concentration of the elastically effective chains (EEC) was estimated
from the elastic moduli and the reaction efficiency using the tree-like Miller-Macosko model. The
concentration of EEC was in the range between the estimations of the affine and phantom theory.
Furthermore, the formation of topological defects, especially entanglements and loops, was found to be
negligible in the Tetra-PEG gel, which differs from other conventional model networks. This extremely
homogeneous structure was formed due to the unique impenetrable sphere-like behavior of the tetra-arm star
polymer in the semidilute solution and the unique symmetrical A-B type cross-end-coupling.

Introduction

Generally, polymer gels have inhomogeneities, because tran-
sient inhomogeneities in a gelling solution are frozen into the
network during the cross-linking process. These frozen inhomo-
geneities are categorized into the spatial and topological inhomo-
geneities.1 The ideal polymer network structure free from
inhomogeneities has attracted a great deal of attention in the
past few decades from both the engineering and scientific points
of view. Aiming to form an ideal polymer network, many
researchers developed “model networks” by using asymmetrical
combination of monodispersed multifunctional molecules.2-5

However, the obtained model networks did contain some in-
homogeneities as elucidated by small angle neutron scattering
(SANS), extracted sol fraction, elastic moduli, swelling degree,
etc.,6-8 or inhomogeneities were not investigated in detail.
Recently, we designed and fabricated Tetra-PEG gel by A-B
type “cross-end coupling” of two symmetrical tetra-arm star
polymers of the same size.9 The gel had high mechanical strength
up to 10 MPa, comparable to native articular cartilage. The
SANS result showed that practically no spatial inhomogeneities
exist in the region, which is less than 200 nm in size.10 Further-
more, the inhomogeneities did not appear even under the
equilibrium swelling condition,11 where spatial inhomogeneities
are known to become obvious in other polymer gels.12-14 It is
speculated that this extremely homogeneous structure in tetra-
PEG gels is due to the unique properties of the tetra-arm star
polymers, which behave as impenetrable space-filled spheres in
the semidilute solution. This situation is markedly different from
that of the conventional model networks formed using linear
polymers as building blocks; it is known that linear polymers
interpenetrate each other in the semidilute regime.15 The cross-
linking process freezes these transient interpenetrations of poly-
mers into permanent entanglements of the network. These
permanent entanglements critically affect the network homo-
geneity. Because the permanent entanglements behave as pseudo-
knots and divide the preprogrammedmonodispersedmesh,mesh

size inhomogeneities are introduced into the network. When the
external load is applied to this network, the stress is concentrated
in the vicinity of low-cross-link densities and/or on network
defects, leading to the macroscopic fracture. In contrast, because
the Tetra-PEG polymers behave as impenetrable space-filled
spheres, it is expected that there are only a few entanglements
frozen into the network. In this study, we investigated the
topological inhomogeneities, i.e., the dangling chains, entangle-
ments and loops, by measuring the reaction efficiency and the
concentration of elastically effective chains (EEC).

Theoretical Section

TheMillerMacosko (MM) theorywas developed based on the
recursive nature of the branching process and on elementary
probability laws under three assumptions including (1) all func-
tional groups of the same type are equally reactive, (2) all groups
react independently of one another, and (3) no intramolecular
reactions occur in finite species.16 In order to apply this theory to
the Tetra-PEG gel, we consider a stepwise copolymerization of
tetra-functional monomers (A4 and B4). The probabilities that
one of 4 arms leads out to a finite chain (P(FA

out) and P(FB
out))

are presented as follows

PðFA
outÞ ¼ pAPðFB

outÞ3 þð1-pAÞ ð1Þ

PðFB
outÞ ¼ pBPðFA

outÞ3 þð1-pBÞ ð2Þ
where pA and pB are the reaction efficiency of theA andB groups,
respectively.Here,we assume that pA andP(FA

out) are equal topB
and P(FB

out), respectively, because equimolar A4 and B4 species
were used in this study. Thus, we are able to reduce this system to
a stepwise homopolymerization of A4. Equations 1 and 2 are
reduced to

PðFoutÞ ¼ pPðFoutÞ3 þð1-pÞ ð3Þ
where p andP(Fout) are the reaction efficiency and the probability
that one of 4 arms leads out to a “finite” chain, respectively. Thus,*To whom correspondence should be addressed.
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P(Fout) can be represented as follows

PðFoutÞ ¼ 1

p
-
3

4

� �1=2

-
1

2
ð4Þ

Using P(Fout), the post gelation properties, such as the prob-
ability that a given tetra-arm polymer is a connection degree of
n(P(Xn)) can be calculated.

The probability that a given tetra-arm polymer belongs to the
connection degree of n(P(Xn)) is represented as

PðXnÞ ¼ 4CnPðFoutÞð4-nÞ½1-PðFoutÞ�n ð5Þ
Here, it should be noted that only when the n is equal to or higher
than 3, the connections become cross-links. Using eq 5, the
probability that a given tetra-arm polymer is the extractable sol
(P(X0) = ωsol), the effective cross-link probability of degree 3
(P(X3)), and the effective cross-link probability of degree 4
(P(X4)) are calculated as follows,

ωsol ¼ PðFoutÞ4 ð6Þ

PðX3Þ ¼ 4C3PðFoutÞ½1-PðFoutÞ�3 ð7Þ

PðX4Þ ¼ ½1-PðFoutÞ�4 ð8Þ
The concentrations of cross-links (μ) and of EEC (ν) are
represented respectively as follows,

μ ¼ cðPðX3ÞþPðX4ÞÞ ð9Þ

ν ¼ c
3

2
PðX3Þþ 2PðX4Þ

� �
ð10Þ

Here, c represents the molar concentration of the tetra-arm
polymer in the unit volume of material. In the affine theory
and the phantom theory, the elastic moduli (G) are represented
respectively as

Gaf
0 ¼ νRT ð11Þ

Gph
0 ¼ ðν-μÞRT ð12Þ

whereR is the gas constant, andT is the absolute temperature.17,18

In the case that the network is formed at dilution state (φap), and is
measured at certain condition (φobs), the modulus (G) is repre-
sented as

G ¼ νdryRTφap
2=3φobs

1=3 ð13Þ

where νdry is the concentration of EEC in the unit volume of dry
network (φ = 1). In this study, we performed the stretching test
for the specimen in as-prepared state, i.e. φap = φobs = φ0.
Therefore, the modulus is represented as

G ¼ νdryφ0RT ¼ νRT ð14Þ

where ν is the molar concentration of EEC in the unit volume of
material. Additionally, a trapped entanglement is known to act as
pseudocross-link of degree 4 contributing to the elasticity.19 The

concentration of elastically effective entanglement (νent) is repre-
sented by

νent ¼ εTe ð15Þ

Te ¼ ½1-PðFoutÞ3�4 ð16Þ
where ε is the concentration of entanglements and Te is the
probability that all four chain ends coming from an entanglement
lead to an infinite network, i.e., the probability that an entangle-
ment is trapped. Assuming the phantom-like behavior of trapped
entanglement, the elastic moduli are represented by

Gaf ¼ ðνþ νentÞRT ð17Þ

Gph ¼ ðν-μþ νentÞRT ð18Þ

Experimental Section

Sample Preparation.Tetra-amine-terminated PEG (TAPEG)
and tetra-NHS-glutarate-terminated PEG (TNPEG) were pre-
pared from tetrahydroxyl-terminated PEG (THPEG) having
equal arm lengths. Here, NHS stands for N-hydroxysuccini-
mide. The details of TAPEG and TNPEG preparation were
reported previously.9 The molecular weights (Mw) of TAPEG
and TNPEG were matched to each other (Mw = 10 kg/mol).
The activity of the functional group was estimated using NMR.
Tetra-PEG gels were synthesized as follows. Constant amounts
of TAPEG and TNPEG (40-140 mg/mL) were dissolved in
phosphate buffer (pH7.4) and phosphate-citric acid buffer
(pH5.8), respectively. The corresponding initial polymer volume
fractions, φ0, were in the range between 3.54 � 10-2 and 1.24 �
10-1 (mass density = 1.129 g/cm3). In order to control the
reaction rate, the ionic strengths of the buffers were chosen to be
25mM for lowermacromer concentrations (40-80mg/mL) and
50 mM for higher macromer concentrations (100-140 mg/mL).
Two solutions were mixed, and the resulting solution was
poured into the mold. At least 12 h were allowed for the
completion of the reaction before the following experiment
was performed.

Measurement of Extractable Sol Fraction. The gel was fabri-
cated in rectangular films (30mmhigh, 5mmwide, 2mm thick).
The obtained gels (approximately 3 g) were immersed in 150mL
of H2O at 37 �C for 48 h with shaking. The extracted solution
was concentrated to 10 mL, then freeze-dried. The total weight
of the soluble components of the gel was measured. The element
composition of the soluble component was measured using a
thermogravimetry analyzer (TG/DTA 6200). More than three
samples were tested for each network concentration.

Stretching Measurement. The stretching measurement was
carried out on the rectangular films using a mechanical testing
apparatus (RheoMeter: CR-500DX-SII, Sun Scientific Co.) at a
crosshead speed of 0.1 mm/s. The gel samples were used in as-
prepared state. Each specimen was stretched and released
repeatedly for 2 times and the reproducibility was confirmed.
More than 10 samples were tested for each network concentra-
tion, and the observed moduli were arithmetically averaged.

Results and Discussion

Theoretical Description of the Gelation from Tetra-Arm
Polymer. The calculation results of the MM theory are
plotted in Figure 1. First, we estimated the gelation thre-
shold, which is defined as the lowest value of pwhere eq 3 has
a nontrivial solution with respect to p. The gelation point
of tetra-arm polymer is estimated to be 1/3. As shown
in Figure 1a, connections of lower degrees are stepwisely
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converted into connections of higher degrees as the reaction
proceeds. When the reaction proceeds stoichiometrically, all
of the species are converted into connections of degree 4.
Practically, we can obtain the P(X0) from the sol fraction
extracted from the gel. Thus, the reaction efficiency (p) is
estimated from eq 6. Using the value of p, we can estimate all
of the values considered in this model for the specific gel
samples. In order to obtain the elastic moduli, connections
with degrees equal to or higher than 3 are considered,
because P(X0), P(X1), and P(X2) are the probabilities of the
sol fraction, dangling chain, and chain extender, respec-
tively, none of which contribute to the elasticity. Thus, the
elastic moduli of the network without considering the en-
tanglements are calculated by eqs 11 and 12 using the values
of P(X3) and P(X4) (Figure 1b).

Reaction Efficiency. In order to estimate the reaction
efficiency, the weights of the extracts of the gels were
measured. The extracts involved the polymers not connected
to the infinite network (sol fraction), the NHS group dis-
rupted from the polymers, and phosphoric salt used in the
buffer solution. In order to measure the weight of the sol
fraction, TGA experiments were performed. An example of
the TGA results is shown in Figure 2a. The H2O (including
hydrated water of phosphate and citrate), NHS, and PEG
were gasified around 100, 200, and 400 �C, respectively.
From Figure 2a, we obtained the weight fraction of PEG
in the extract. Using the weight fraction of the PEG and the
total weight of the extract, we obtained the ωsol (Figure 2b).
The ωsol seemed to decrease slightly with the feed polymer
fraction (φ0), and was on the order of 10-2.

The p estimated from the ωsol using eq 6 is shown in
Figure 3 as a function of φ0. The reaction efficiency increased

as the φ0 increased; however, the variation was small. This
almost constant p can be accounted for using the SANS
result of our previous study. In the concentration range
measured in this study, the tetra-arm polymers behaved as
impenetrable space-filled spheres. Thus, the probability of
encountering the polymers is likely constant. As a result, the
reaction efficiency of this cross-end coupling reaction was
approximately up to p = 0.75. In other words, one of four
arms could not find the neighboring connectable arms. This
reaction efficiency is smaller than those of other model
networks.4,20 This seems to be an inherent defect in this
system. This result can be interpreted as follows: first, the
whole system loses macroscopic fluidity at the gelation
threshold, which was set to several minutes using the buffer
solution. Even at p = 0.4, more than half of the polymers

Figure 1. (a) Probabilities of the existence of Xn and Te as a function of p. (b) ν and ν - μ normalized by c as a function of p.

Figure 2. (a) Weight fraction of the extract as a function of the temperature. (b) Sol fraction as a function of φ0.

Figure 3. The reaction efficiency (p) as a function of φ0.
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connect to the infinite network as shown in Figure 1(a).
Thus, long-range diffusion is unlikely to occur after the
gelation threshold. In other words, mixing of the building
blocks (i.e., Tetra-PEG chains) is not allowed after the
gelation threshold. Second, at p = 0.5, almost all of the
building blocks are connected to the infinite network. In the
phantom theory, the diffusivity of the f-linked cross-link (Xf)
becomes smaller as f increases, while the affine theory does
not allow any diffusion for cross-links. The diffusivity of the
reactive species was expected to decrease as the reaction
proceeded. Thus, the conversion from X3 to X4 seems
difficult to achieve. Because p = 0.75 in the region where
X3 is converted to X4, the reaction might be terminated at
this point.

Concentration of EEC. The elastic moduli were measured
using a stretching measurement, and the concentration of
EEC (νel) was estimated by eq 14. Figure 4 shows the νel as a
function of φ0. The fitting result (solid line) and the critical
overlapping concentration (φ*) of the tetra-arm polymer are
also shown in Figure 4. In the region above the φ*, νel
increased in a power-law fashion, i.e., νel ∼ φ0

β, with βel =
1.28. Generally, in other model network systems, νel in-
creases with a higher exponent than unity, in many cases
β≈ 2, of φ0 in the concentrated region above the φ*, because
of the contribution of the entanglements (νent) to the νel.

21 It
is known that the molecular weight between two entangle-
ments (Me) of linear PEG in the bulk is 2200 and that the
concentration of entanglements (ε) scales with φ0 in the
semidilute region as ε ∼ φ0

9/4.22,23 This is why the scaling
exponent is higher than unity, i.e., νent ∼ ε ∼ φ0

9/4. Many
researchers have reported an increase of the entanglement
contribution with increasing network concentration in the
semidilute region.20,24 Even if a chain extender with a
molecular weight smaller than Me was used, the entangle-
ment existed in the network, showing β = 1.52.25 Thus, the
entanglements are inevitable in networks when linear poly-
mers are used as a building block. Considering the Tetra-
PEG gel, the molecular weight of one arm of the tetra-arm
polymer is 2500; i.e., the molecular weight of the polymer
connecting the cross-links is 5000. Thus, the molecular
weight of the arm is comparable to the length over which
an entanglement occurs. However, the scaling exponent was
near unity, suggesting that entanglements contribute only
slightly to the elasticity of Tetra-PEG gel. In order to discuss

the value of νel, we compared the νel with the values expected
from the affine and phantom theories.

The values of ν and ν - μ estimated from the reaction
efficiency using eqs 9 and 10 are also displayed in Figure 4.
The fitting result of ν (dashed line) is also shown in Figure 4.
In the region above the φ*, ν increased in a power-law
fashion, i.e., ν ∼ φ0

β, with βaf = 1.27. It should be noted
that ν, which represents the contribution of the chemical
cross-link, had a higher exponent than unity, corresponding
to the increase of p with increasing φ0. Although νel was
slightly smaller than ν, βel was in good agreement with βaf.
This result suggests two possible hypotheses: (i) The elasti-
city of Tetra-PEG gel is described by the affine theory and
only a few entanglements exist. (ii) The elasticity of Tetra-
PEG gel is described by the phantom theory and approxi-
mately μ entanglements exist (νent = μ). Hypothesis ii has
often been accepted in conventional model networks. How-
ever, hypothesis ii is unlikely in the Tetra-PEG gel for the
following reasons. If the Tetra-PEG gel is described by
phantom network theory, many entanglements exist, and
νel should increase with a higher exponent, obeying the
exponent of ε ∼ φ0

9/4. However, βel is similar to βaf. In
addition, the affine theory was adopted for the poly-
(dimethylsiloxane) network having a similar arm length
and some entanglements (Mn = 5600).25 Thus, we adopted
hypothesis i.

Estimation of Loop Formation. As another topological
inhomogeneity, loops have been known to be inevitable
structures in model networks.25 An elastically noneffective
loop structure is defined as a circle-like structure containing
the elastically noneffective or elastically redundant chain.An
elastically noneffective loop structure has been vigorously
discussed using the spanning tree model by Dusek et al.26-28

If we accept the affine model and the Gaussian approxima-
tion of the configurational statistics of network chains, and
assume that there is no entanglement, the difference between
the ν and νel is attributed to the loop formation. The value of
νel/ν was approximately 0.8 for all concentration regions.
Using eq 10, the fraction of bonds wasted in elastically
noneffective loop was estimated to 0.05, which is similar
value expected in the spanning-tree theory. However, the
spanning tree theory also expects that loops increase as φ0
decreases.25 In the Tetra-PEG gel system, the deviation
between νel and ν was unchanged even when φ0 decreased
to below the φ*, suggesting the opposite result, i.e., the near-
absence of the loops. The reason for this discrepancy is not
clear at this stage.

Although loops were not considered in the original tree-
like model,16 several theoretical approaches including the
spanning-tree theory have been developed,.28 Here, we pro-
pose the simple model treating the ‘preloop’ structure in
order to show the superiority of the Tetra-PEG gel. If we
assume the existence of preloop structure, we can estimate
the probability that the small preloop structure formed from
n sets of tetra-arm polymers become the elastically effective
chains (P(Ln)) (Figure 5). For simplicity, we consider the case
of tetra-arm polymers undergoing A-A type end-coupling
and discuss the case of exclusive A-B type cross-end cou-
pling. Here, we assume that (i) the number of preloops is too
small to affect the original model, (ii) further intramolecular
reaction does not occur, (iii) each functional group reacts
equally. The P(Ln) is estimated as the number of the EEC
formed from the preloop structure normalized by the num-
ber of the EEC formed from the same number of individual
polymers. For example, let us consider the case of preloop
structures formed from three sets of tetra-arm polymers (L3).

Figure 4. νel estimated from the elastic modulus, and the ν and ν - μ
estimated from the sol fraction as a function of φ0.



492 Macromolecules, Vol. 43, No. 1, 2010 Akagi et al.

Figure 6 shows the connecting scheme of preloop (gray
circle). Here, i number of lines outspreading from the circle
represent the chains connected to the infinite network.
Because the EEC is defined as the chains connecting the
elastically effective cross-links, we can definitely evaluate the
number of EEC. The dotted, thin, and bold lines represent
the elastically noneffective chain, EEC between the preloop
and the other polymer (EEC-I), and EEC in the preloop
structure (EEC-II), respectively. We can calculate the num-
ber of EEC for each case; for example, in the case of the
upper panel of i = 3, 5/2 (= 3 � 1/2 þ 1 � 1) of EEC’s are
formed. By considering the number of situations, we can
evaluate theP(Ln) as a function of p. The calculated result for
n = 1, 2, 3, 4 are represented as follows:

PðL1Þ ¼ 0 ð19Þ
PðL2Þ ¼ 3

24
C3Foutð1-FoutÞ3 þ 34C4ð1-FoutÞ4 ð20Þ

PðL3Þ ¼ 3

2
12þ 9

2
8

� �
Fout

3ð1-FoutÞ3

þð33þ 512ÞFout
2ð1-FoutÞ4þ 11

2
Foutð1-FoutÞ5þ 6ð1-FoutÞ6

ð21Þ

PðL4Þ ¼ 3

2
24þ 9

2
32

� �
Fout

5ð1-FoutÞ3 þð3� 6þ 5� 48þ 6

� 16ÞFout
4ð1-FoutÞ4

þ 11

2
24þ 13

2
32

� �
Fout

3ð1-FoutÞ5

þð6� 4þ 7� 24ÞFout
2ð1-FoutÞ6 þ 15

2
Foutð1-FoutÞ7

þ 8ð1-FoutÞ8 ð22Þ

Figure 7 shows the calculation result of P(Ln) as a
function of p. Some important features appeared in
Figure 7. First, L1 never contributes to the elasticity,
regardless of the p. Second, 1/4 of the chains are wasted
in L2 even when the reaction occurs stoichiometrically
(p = 1). Third, when n g 3, all of the polymers in Ln

contribute to the elasticity when the reaction is completed.
Fourth, when ng 3, P(Ln) is higher than that of individual
single polymers at any conversion; in other words, EEC are
formed more effectively from preloops than from indivi-
dual modules. In the case of A-B type coupling between the

bifunctional chain extender and the multifunctional cross-
linker, L1 and L2 type of preloop structures are also
formed. On the other hand, in the case of A-B type
cross-end coupling between tetra-arm polymers, no L1 is
formed. In addition, only even-n of Ln are allowed in the
case of A-B type cross-end coupling between tetra-arm
polymers. Thus, a A-B type of cross-end coupling reaction
using the tetra-arm polymers is expected to have fewer
elastically noneffective loops than conventional ones, thus
supporting our results.

Figure 5. Preloop structures formed from n sets of tetra-arm polymers in A-A type of end coupling. The bottom panels represent the simplified
pictures of preloop structure.

Figure 7. P(Ln) as a function of p. The dotted, dashed, chain, bold, and
thin lines represent the calculation result for n = 1, 2, 3, 4 of preloops
and single polymer, respectively.

Figure 6. The preloop structures formed from three sets of tetra-arm
polymers in the case that i number of arms are connected to the infinite
network. The dotted, thin, and bold lines represent the elastically
noneffective chain, EEC between the preloop and the other polymers,
and EEC in the preloop structure.
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Estimation of Interpenetration. Here, we calculate the
density of tetra-arm polymers and linear polymers. The
gyration radius of a f-arm star polymer (Rstar) is represented
by

Rstar
2 ¼ 3f -2

f
Rarm

2 ð23Þ

whereRarm is the gyration radius of one arm.29 The segment-
number density of a polymer chain (F) scales as F ∼ N/Rg

3,
where N and Rg are the polymerization degree and the
gyration radius of the polymer chains. We compare the
tetra-arm polymer (Mn = 2NmEG) with the linear polymer
(Mn = NmEG), where mEG is the molecular weight of the
monomeric unit of PEG. Ideally, these building blocks
should form the same network structure. The F of the
tetra-arm star polymer is 1.43 times larger than that of the
linear polymer. Furthermore, according to the simulation of
Freed et al., the interpenetration function, which indicates
the excluded volume normalized byRg

3, of the tetra-arm star
polymer (Mn = 2NmEG), is two or three times larger than
that of the linear polymer (Mn = NmEG),

30 also suggesting
that the interpenetration between the tetra-arm star poly-
mers is unlikely to occur.

Conclusion

We have investigated the topological defects in the Tetra-PEG
gels formed from two symmetrical tetra-arm polymers by com-
paring the experimentally obtained mechanical moduli with the
results of theoretical predictions based on the Miller-Macosko
theory for polymer networks. Themajor findings of this study are
as follows: (i) the reaction efficiency of Tetra-PEG gel was up to
75%; (ii) the elasticity of Tetra-PEGgel was well described by the
affine theory; (iii) the formation of entanglements was negligible;
and (iv) the fraction of bonds wasted in elastically noneffective
loop was up to 0.05. The unique impenetrable sphere-like
behavior of the tetra-arm star polymer in the semidilute solution
as shown in our previous SANS experiment leads to the near-
absence of topological defects, which contributes to the homo-
geneity of Tetra-PEG gel and to the resultant high mecha-
nical strength.
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